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Abstract—An analysis is made on the momentum and heat transfer between a fully developed laminar

fluid flow and a moving core of fluid or solid body in an annular geometry. The annulus is concentric and

both the wall surfaces are smooth. The heating condition is a uniform heat flux at either or both of the

surfaces. The two fundamental solutions are obtained and the solutions for the inner and outer tubes for

any heat flux ratio are then obtained through influence coefficients, which are evaluated from the fun-

damental solution from the definition. The effects of various parameters such as the relative velocity, the
ratio, etc. on friction factor and Nusselt number are investigated.

1. INTRODUCTION

THis 1s part of a continuing study on the fluid flow
and heat transfer in a concentric annulus with a mov-
ing core of solid body or fluid. In our previous study
[1], we presented the solution on the problem of tur-
bulent fluid flow and heat transfer in a concentric
annulus with a moving core for a condition of a con-
stant heat flux at the core only.

Problems involving fluid flow and heat transfer with
a moving core of solid body or fluid in an annular
geometry can be found in many manufacturing pro-
cesses, such as extrusion, drawing and hot rolling,
etc. In such processes, a hot plate or cylindrical rod
continuously exchanges heat with the surrounding
environment.

Another example which involves such fluid flow
and heat transfer phenomena is a train travelling at
high speed in a long tunnel (e.g. the 54 km long Seikan
tunnel in Japan, the Channel Tunnel between England
and France or the proposed Northumberland Strait
undersea tunnel linking Prince Edward Island and
New Brunswick in eastern Canada), or underground
railways, where a significant amount of thermal
energy may be transferred to the surroundings.

Our interest in the present problem is rooted in the
inverted annular film boiling [2] which may occur
during the emergency core cooling of nuclear fuel
channels. For such cases, the fluid flow involved can
be either laminar or turbulent flow and there seems to
be few reliable predictions for momentum and heat
transfer available in the literature.

The case of the laminar and turbulent flow and heat
transfer in the boundary layer on a continuous moving
surface was studied by Tsou ez al. [3].

In this paper, the momentum and heat transfer
between a fully developed laminar fluid flow and a
moving core of fluid or solid body in a concentric
annular geometry is studied analytically.

The mathematical development of the analysis is
straightforward and the velocity and temperature pro-
files are obtained from basic momentum and energy
differential equations. The necessary boundary con-
ditions are acquired from the heat flux at each of the
two wall surfaces.

Since the energy equation is linear and homo-
geneous, superposition methods are used to obtain
solutions for asymmetric heating by adding other
solutions [4]. The two fundamental solutions obtained
in the study are:

Case (A) : the inner wall only heated with the outer
insulated ;

Case (B) : the outer wall only heated with the inner
insulated.

The solution for the inner and outer tubes for any
heat flux ratio is then obtained through influence
coefficients, which are evaluated from the funda-
mental solution from the definition.

The resulting momentum and heat transfer are dis-
cussed in terms of various parameters, namely the

relative velocity, the radius ratio and fluid Reynolds

number.
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NOMENCLATURE
a thermal diffusivity v kinematic viscosity
I friction factor o density.
k heat transfer coefficient
k thermal conductivity .
Subscripts
Nu  Nusselt number
b bulk
P pressure . o
crit critical
q heat flux . .
adial coordinate ! iner .
i ; /R i constant heat rate at the inner wall with
; ra d?us the outer insulated
Re  Reynolds number, u,, < 2(R, — R))/v gn 2:;::“
;* E;mlf?;a? T 00  constant heat rate at the outer wall with
IR, it R R the inner insulated
“ veloetty R, inner radius
U  core velocity .
Ut U R, outer radius.
x axial coordinate.
Constants
Greek symbols B (—1/na
o radius ratio, R,/R, M 1+a*-B
{ {r—R)/(R,—R) E  (@=iB/@-1)
#*  influence coefficients w  (1—3U®(1-EU*®
7 viscosity B*  wB.
2. ANALYSIS 2.1. Momentum transfer

The assumptions used in the analysis are (see
Fig. 1):

() The annulus is concentric and both the wall
surfaces are smooth. The heating condition is a uni-
form heat flux at either or both of the surfaces.

(it) The flow is incompressive and laminar. Velocity
and temperature fields in the annulus are fully
developed.

(iii) The viscous dissipation term is neglected.

With the assumptions described above, the govern-
ing momentum equation is

10( du\ 1dP

m(’a)“,;a;‘ 0
Applying the boundary conditions

u=U at r=R 2)

u=0 at r=R, 3)

we easily obtained the velocity profile as

Stationary
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Fi1G. 1. Idealized model.
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u= 2L[l— EU*[1—(7)*+B* 1n (7)] “@

where u,, is the average velocity, given as

R:[ dP
um=a< dx) +EU. 0)

Now that the velocity profile is known, we can obtain
the friction factor, f, from the definition as

(R,—R)( dP
/= Pl ( dx>
1 2
- = [( M“) ][I—EU*]. 6)

2.2. Heat transfer

(i) Cases for one wall only heated and the other
insulated

The governing energy equation is

10 dT,
;6r< 6r> <dx) M

With the boundary conditions given as

Case A: (ii) Case B: (00)

oT
r=Ri T‘_‘TRi —a—r=0
oT
r=R, —=0 T="Tk
or o

the temperature distribution is readily obtained as

r-a| SR 0 - o S oo

+C In(H+C, B)

(e

and the constants C, and C, are:

where

Case A: (ii)
A
. —— — R¥*
Ci=-50-89
and
ComTood a-B% , o
2= fhT 4 Y716
o? (1-B%
Z px —
+4B Ina 2 lnoc:I
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Case B: (00)
_ @Q@-B%» , 1, B*,
C, = AI: 7 o 4a+2alnfx
and
_ (3—4B*)
C,=Tr —4 T

Now that the temperature distribution across the
flow channel is known, Nusselt numbers, Nu; and
Nu,,, are calculated from the definition.

The Nusselt numbers are defined as

Nu; = h;*2(R,— R)/k ®
where jj = ii for Case A, and jj = oo for Case B.

The heat transfer coefficients, h; and h,,, are
defined, respectively, as

oT
qr, = 8i(Te—Tp) = —kgr—l (10
and
6T
qR0 = hoo(TR Tb) a . (1 1)
R,
The bulk temperature, T, is defined as
RO RO
T, =J\ ruT dr/f rudr 12)
R; R;
Nusselt numbers:
211 1—a)*[1+Q2w—1Da®—wB]?
N, 2T DA+ QD —wB

v FH,

i

Case A: Nu; (jj =ii), F =« and

) 25 22 mnm ., .
mi={§_<ﬁ+2w>+(?+W)WB—?wB}
23 14 § ap2l 2
{(2 )—(——2w>w3+8w3}a
4 3 R

{( —2w+w > (5—5 >wB}a

- 6
+ (8 3 ~w+w ) (14)
Case B: Nu,, (jj = 00),

11 19 5
H, = (—— ——=wB+ —w2B2>

F=1and

24 18 8

8- (2o e
|

_ _ 212
20 —w) - (1 2w)] +(24 10w+7w>

3 13
- 4__ | Z_ - 2 6
( 2w) } <8 3w+7w )ac

(15)

—+
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U*crit = 2.00

3L Ux = 1.5

u/un

(b) i) 0.5 1

F1G. 2. Velocity profiles.

(ii) Cases for both walls heated independently

For the cases where both wall surfaces are heated
independently, the Nusselt numbers on the two sur-
faces for any heat flux ratio may be calculated, util-
izing the superposition method [4]. This is because the
governing energy equation for the present study is
linear and homogeneous. The Nusselt numbers for
asymmetric heating are then obtained through influ-
ence coeflicients [5] as

Nu;

M = 0¥ 4 lan) ey
where j = ithen k = o and j = o then k = i. The Nus-
selt numbers, Ny, and Nu,, are defined as

h*2(R,—R,
Ny, = L(—o—l) 17
k
The heat transfer coefficient is defined as
hy = qR,./(TR,—Tb) (18)

where j =1ioro.

t g and g are defined as positive into the fluid.
1 The critical relative velocity, U, is the value of U* at
f=0,1e (—dP/dx) = 0. U%, = 1/E from equation (6).

The influence coefficients, 8* and ¥, are defined as

4]
qr,*” 2(R,—R)
(T, — T / [—k~]
o*

! gz 2(R,—R)
(TR, - Tb)jj/ I:‘i“ k —”:I

where for Casec A: j=1iand k = o and for Case B:
j=oand k=1i.

The final derivation of 8 and 6 is given in the
Appendix.

(19)

3. RESULTS AND DISCUSSION
The ranges of parameters considered are :

0ax1
=S5 U*< Ui

the radius ratio:
the relative velocity :

Therefore, the discussion of the results in this paper
is confined to the fluid flow with f > 0 and Re > 0.
The results of the solutions are presented in Tables 1
and 2.



Table 1. Friction factors, Nusselt numbers and influence
coefficients, fully developed laminar flow in concentric annuli
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with moving cores; U* > 0

U* o f Re Nu;  Nug, o 0
0.01 20.03 54.02 4.69 7.061 0.0061
0.05 21.57 17.81 4.79 2.183 0.0294
0.10 2234 1191 483 1.384 0.0562
0.0 0.20 23.09 8.50 4.88 0.904 0.1039
. 0.40 23.68 6.58 498 0.602 0.1822
0.60 2390 591 510 0474 0.2455
0.80 2398 558 524 0.398 0.2991
1.00 2400 5.38 5.38 0.346 0.3462
0.01 19.49 5421 4.65 7.202 0.0062
0.05 20.68 17.98 4.71 2.266 0.0297
0.10 21.19 12.09 4.73 1.456 0.0569
0.25 0.20 21.54 872 474 0968 0.1053
' 0.40 21.58  6.87 4.80 0.657 0.1837
0.60 2141 624 490 0.523 0.2461
0.80 2120 595 5.02 0.442 0.2985
1.00 21.00 578 S5.16 0.386 0.3441
0.01 18.94 5440 4.60 7.342 0.0062
0.05 19.79 18.15 4.63 2.349 0.0300
0.10 20.03 12.28 4.62 1.528 0.0575
0.50 0.20 19.98 8.96 4.60 1.032 0.1061
’ 0.40 19.47  7.17 4.62 0.713 0.1838
0.60 1892 6.60 4.70 0.572 0.2445
0.80 18.43 635 4.81 0.486 0.2948
1.00 18.00 6.22 494 0426 0.3382
0.01 17.86 54.77 4.50 7.619 0.0063
0.05 18.02 18.49 4.48 2.514 0.0304
0.10 17.72 12,67 4.42 1.673 0.0583
1.0 0.20 16.88 9.45 433 1.162 0.1066
’ 0.40 15.27 7.83 4.28 0.826 0.1805
0.60 1395 740 432 0.673 0.2356
0.80 12.88 727 440 0.577 0.2798
1.00 1200 724 452  0.509 0.3172
0.01 15.68 55.54 4.32 8.160 0.0063
0.05 1448 1920 4.17 2.838 0.0308
0.10 13.09 13.50 4.02 1.957 0.0583
2.0 0.20 10.67 10.53 3.83 1.419 0.1031
. 0.40 6.86 9.40 3.65 1.052 0.1634
0.60 400 941 362 0874 0.2018
0.80 1.78 9.67 3.67 0.755 0.2291
1.00 0.00 10.00 3.75 0.667 0.2500
0.01 13.51 5631 4.14 8.684 0.0064
0.05 10.93 1994 3.88 3.151 0.0307
0.10 846 14.38 366 2234 0.0568
3.0 0.20 446 11.75 337  1.667 0.0956
’ 0.40 —1.55 1135 3.11 1.259 0.1379
0.60 —595 12.09 3.04 1.038 0.1566
080 —9.32 13.04 305 0.878 0.1644
1.00 —12.00 14.00 3.11 0.750 0.1667
0.01 11.34 57.08 397 9.189 0.0064
0.05 7.38 20.70 3.61 3.452 0.0301
0.10 3.84 1533 332 2.497 0.0541
40 0.20 —1.75 13.14 297 1.894 0.0855
' 0.40 —996 13.74 2.65 1.408 0.1088
0.60 —1590 1552 256 1.088 0.1076
0.80 —2042 17.40 255 0.820 0.0963
1.00 —24.00 19.09 259 0.591 0.0802
0.01 9.17 5785 3.80 9.674 0.0064
0.05 3.84 2148 3.36 3.737 0.0292
0.10 —0.79 16.33 3.02 2.740 0.0506
5.0 0.20 —797 1469 2.62 2.081 0.0742
: 040 —18.37 16.55 2.28 1.433 0.0788
0.60 —25.85 1943 217 0.885 0.0592
0.80 —31.53 21.83 2.15 0.385 0.0303
1.00 —36.00 2333 2.18 —0.028 —0.0026

Table 2. Friction factors, Nusselt numbers and influence
coefficients, fully developed laminar flow in concentric annuli
with moving cores; U* < 0

U* o S Re Nuy;  Nug, o o

0.01 20.57 5383 4.74 6.920 0.0061

005 2245 1764 487 2.099 0.0290

0.10 2350 1172 494 1.311 0.0553

—0.25 020 24.64 8.28 5.02 0.841 0.1020
T 040 2578 631 5.16 0.548 0.1793
0.60 26.38 560 530 0.427 0.2424

080 26.76 524 545 0.356 0.2964

1.00  27.00 5.02 561 0.308 0.3439

001 21.11 5346 4.79 6.777 0.0060

0.05 2334 1748 495 2.015 0.0286

0.10 2466 11.54 5.05 1.239 0.0542

—0.50 020 26.19 8.07 5.16 0.777 0.0995
Y040 2788 6.06 534 0.495 0.1746
0.60 28.87 5.31 550 0.380 0.2365

0.80 29.53 493  5.67 0.315 0.2897

1.00  30.00 469 583 0.271 0.3368

0.01 2220 5326 4.88 6.489 0.0059

0.05 2511 1715 5.12 1.847 0.0275

0.10 2697 11.19 526 1.094 0.0514

10 020 29.30 7.67 545 0.652 0.0927
040 32.09 5.58 570 0.391 0.1598
0.60 33.85 480 5.90 0.291 0.2152

0.80 35.08 438 6.09 0.236 0.2631

1.00  36.00 412 6.27 0.201 0.3060

0.01 2437 5252 5.08 5.902 0.0057

0.05 28.66 1652 544 1.506 0.0248

0.10 31.60 10.53 5.68 0.806 0.0435

20 020 35.51 6.94 598 0.409 0.0706
040 40.50 478 6.35 0.197 0.1048
0.60 43.79 395 6.60 0.128 0.1285

0.80 46.18 351 6.81 0.096 0.1484

1.00  48.00 323 7.00 0.077 0.1667

001 2655 51.78 527 5.303 0.0054

0.05 3220 1592 576 1.164 0.0211

0.10 36.22 991 6.07 0.522 0.0320

30 020 41.72 6.30 643 0.178 0.0363
040 4891 412 6.80 0.021 0.0137
0.60 53.74 330 7.02 —0.015 -0.0195

0.80 57.28 286 720 —0.025 -—0.0513

1.00  60.00 259 737 —0.028 -—0.0789

0.01 28.72 51.04 547 4.692 0.0050

0.05 3575 1533 6.05 0.822 0.0162

0.10 40.85 9.34 6.40 0.243 0.0167

—40 020 4793 573  6.73 —0.042 —0.0099
040 5732 359 694 —0.139 -0.1074
0.60 63.69 279 703 —0.141 -0.2132

0.80 68.38 237 713 —0.129 -0.3104

1.00 72.00 212 724 —0.116 —0.3966

0.01 30.89 5032 5.66 4.070 0.0046

0.05 3930 1478 6.32 0.480 0.0103

0.10 4547 881 6.65 —0.029 -—0.0022

50 020 54.14 524 683 —0.250 —0.0651
040 6573 315 673 —0283 -—0.2419
0.60 73.64 2.39  6.63 —0.251 -—0.4188

0.80 79.49 200 6.62 —0.219 -0.5789

1.00 84.00 1.76 6.67 —0.191 —0.7222
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The predicted velocity profiles in the annular ducts
with the moving cores at various values of the relative
velocity are shown in Figs. 2(a) and (b) for the values
of 2 = 0.2 and 1, respectively. It is interesting to note
that once the value of « is given, all velocity profiles
go through a fixed single point, FP, regardless of the
value of U*. Point FP moves toward the inner wall

25
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w 0.5
1
a.5
1.5
3 2.5 2
0 L } I i ! 1 1 L
(b) 0 0.5 1
a

FiG. 3. Friction factors.
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with increasing values of o, accompanied by a decrease
in the value of u/u,,. In the region between FP and
{ =1 (the outer wall), it was also observed that u/u,,
increases with decreasing U/* and that fora > 0.2 and
U* < 0, there exists a maximum value of u/u,,.

The predicted friction factor in terms of /- Re for
the case of U* = 0 (both walls stationary) is shown

1
- U* = 2,58
- | 0
*-H
B
0.5
1.68
- ~5
a = 0,5
1} i ] i i i H i i i
(a) Y 0.5 1
C
4
- a = 0.5

(b)

F16. 4. Temperature profiles.
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in Fig. 3(a), while Fig. 3(b) illustrates the effects of «
and U* on (f* Re), normalized by the value of (' Re)
for the case of U* = 0. The effect of the relative
velocity, U*, is that for U* < 0, the ratio (f* Re)/
(f* Re)y. - o is always greater than unity, whereas it is
always less than unity for U* > 0. Figure 3(b) clearly
demonstrates that the effect of U* is greatestat o = 1
(parallel plates flow) and diminishes at « = 0 (circular
pipe flow). This is because with decreasing values of
a, the role of the shear stress of the moving core
surface on the overall pressure drop becomes less
important.

Representative non-dimensional temperature pro-
files in a concentric annulus (o« = 0.5) with the moving
core for Case A (the inner core wall only heated) and
Case B (the outer wall only heated) are shown in Figs.
4(a) and (b), respectively. For Case A, the tem-
perature gradient at the heated inner wall increases
with an increase in U*, implying that the heat transfer
rate increases with increasing U*. On the other hand,
for Case B, the temperature gradient at the heated
outer wall decreases with an increase in U*, implying
that the heat transfer deteriorates with increasing U*.
It is also seen that for U* < 0, a maximum value (in
dimensional T, a minimum value) exists for Case B.

=0
o

(Nujj)/(Nuji)ys

(a) 0
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The deductions made above on the effect of U* on
the heat transfer are more clearly seen in Figs. 5(a)
and (b) for Cases A and B, respectively. The effect of
the relative velocity is seen to increase with increasing
value of U* for Case A but the opposite is true for
Case B. This is consistent with the trend seen in Figs.
4(a) and (b). It is also interesting to note from the
figures that the ratio Nu;/Nuy» _ o) is always greater
than unity for U* > 0 and less than unity for U* < 0,
whereas the effect of U* on the ratio Nuo,/Nutoows = o)
is opposite.

The effect of the relative velocity on heat transfer is
the opposite of that of the friction factor for Case A
but the trend becomes the reverse for Case B. No
comparison was made with other works as there are
none available in the open literature.

The effects of « and U* on the influence coefficients,
0F and 0*, are shown in Figs. 6(a) and (b), respec-
tively.

4. CONCLUDING REMARKS

The effects of various parameters such as relative
velocity, radius ratio, etc. on the friction factor and

FIG. 5. Nusselt numbers.
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u*

O

N

-2

-4

{b)

FiG. 6. Influence coefficients.

Nusselt number for laminar flow in concentric annuli
with moving cores have been analyzed.

The study showed that for equal conditions,
increasing the relative velocity, the following changes
were observed ;

(a) decrease in friction factor;
(b) increase in Nusselt number for Case A ;
(c) decrease in Nusselt number for Case B.
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APPENDIX. THE INFLUENCE COEFFICIENTS,
g* AND 67

The terms (T, ~ g )oo and (Tg ~ Ty );; in 8F, equation (19),
can be easily obtained from the temperature profile given by
equation (8) together with equation (12). The terms ¢, and
gz, can also be readily obtained from the definition of the
heat flux, equations (10) and (11). Therefore, the influence
coefficients, 6* and 8%, are obtained as
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Qa0 [M;w) +1-Q2+Bw + {— 2(1;w) + <21—4 +4w—2w2> - (g +2w> wB
4w —3 1 1-2 -
o AR e (e
v 1 l 2 1 4
a[(z—w> —-(E—l+w3>a +<W_Z>a _Qii:] +(§_%W>WB}(Z4+(%_§W+W2)“{| (A3)
(A1) _(-EUM[(71 25 B 3 22
[ (3 )] Com |\ 36" "
af Qi— E_WB
0x =——<§——7— (A2) + {(g — %w) — (g —2w> wB+ %szz}az
Z_WB _Qoo
where -{{Z(I_W)_g_zwm} * <£—10w+7w2>

ANALYSE DE L’ECOULEMENT LAMINAIRE ETABLI ET DU TRANSFERT
THERMIQUE DANS UN ESPACE ANNULAIRE CONCENTRIQUE AVEC COEUR MOBILE

Résumé—On fait 'analyse du transfert de quantité de mouvement et de chaleur entre un écoulement

laminaire établi et un coeur mobile de fluide ou de solide dans une géométrie annulaire. L’espace annulaire

est concentrique et les deux parois sont lisses. Le chauffage est a flux uniforme sur une ou les deux surfaces.

Les deux solutions fondamentales sont obtenues pour un rapport de flux quelconque, a I'aide de coefficients

d’influence. Les effets des différents paramétres tels que la vitesse relative, le rapport des rayons, etc. ...
sur le coefficient de frottement et le nombre de Nusselt sont étudiés.

ANALYTISCHE UNTERSUCHUNG EINER VOLL AUSGEBILDETEN LAMINAREN
STROMUNG MIT WARMEUBERGANG IM KONZENTRISCHEN RINGRAUM MIT
BEWEGTEM KERN

Zusammenfassung—Der Impuls- und Wirmeaustausch zwischen einer voll ausgebildeten laminaren Stro-
mung in einem Ringspalt und dem bewegten Fliissigkeits- oder Festkorperkern wird betrachtet. Der
Ringraum ist konzentrisch, und beide Wandoberflichen sind glatt. An einer oder beiden Oberflichen wird
konstante Wirmestromdichte aufgeprigt. Die beiden fundamentalen Losungen werden berechnet und
daraus, mit Hilfe von EinfluBkoeffizienten, die Losung fiir das innere und duBere Rohr fiir jedes Verhéltnis
der Wirmestromdichten. AuBerdem wird der EinfluB verschiedener Parameter (Relativgeschwindigkeit,
Radienverhéltnis usw.) auf den Reibungsbeiwert und die Nusselt-Zahl untersucht.

AHAJIN3 MNOJIHOCTBIO PA3BHUTOI'O JJAMUHAPHOI'O TEUEHHA XUAKOCTH H
TETUIOINNTEPEHOCA B KOHUEHTPUYECKHX KOJIBLHEBBIX KAHAJIAX C
ABUXYIIUMHUCS AOPAMU

AHBOTaIHS—AHAIM3APYETCA NEPEHOC KOJIMYECTBA IBHXKEHHS M TeIU1a MeXJy NOJHOCTBIO Pa3BHTHIM
JJAMHHApHbIM TEYEHHEM XHAKOCTH H JABHXKYIIMMCS SAPOM XHAKOCTH HJIH TBEPAOro Tejla B KOJIbLECBOH
reomerpun. KonblieBoi kaHasl #ABseTCS KOHUEHTPHYECKMM H HMeEET TJaJKHEe MOBEPXHOCTH 00eHx
creHox. HarpeB ocyiecTBiaseTcs MpH OOHOPOOHOM TEIUIOBOM IOTOKE HAa OAHOH HJIM 06eHx mopepx-
HocTax. IMosyyeHo nBa ¢yHIAMEHTAJLHBIX PELICHHA, MO3BOJIAIOMIAX ONPENENNTb NapaMeTpel 3a1avH
LUl BHYTPEHHEH M HapyXHO#H TPy6 npu J0OBIX OTHOIIEHUSX TEILIOBBIX NOTOKOB. MccnenyeTcs BIHsHHE
Ha xo3(puumenT Tpenus M yucno HyccenpTa TakHx mapaMeTpoB, KaK OTHOCHTENIbHAs CKOPOCTb, OTHO-
ILIEHUE PaJHycoB H T.1.



